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ABSTRACT

We present the WHIEL (a contraction of Whi(le-R)el) system for
LeaN-certified reasoning about imperative relational programs.
The system can encode containment and equivalence problems
for DATALOG, its extensions with negation, and the core fragment
of graph query languages. It can also represent optimized or in-
cremental evaluation algorithms that are not expressible in the
original query language, as well as first-order specifications of in-
tegrity constraints, schema mappings, and views arising in data
integration, exchange, and sharing. WHIEL’s program states are
database instances, and its imperative structure enables composi-
tional Hoare-style reasoning with first-order relational specifica-
tions, using prophecy variables and leveled invariants to support
inductive arguments. WHIEL supports neurosymbolic discovery of
loop invariants whose verification conditions can be checked using
the VAMPIRE first-order theorem prover. Counterexamples are fed
back into the neurosymbolic pipeline, while proposed solutions
are translated into Lean proof certificates. To validate the WHIEL
system, we evaluate its performance on a curated benchmark suite.
In summary, we envision the WHIEL system as a tool for tackling
mathematically demanding, typically undecidable problems involv-
ing complex query and constraint languages, with a high degree of
trust in its output.
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1 INTRODUCTION

The rapidly growing capabilities of LLMs introduce numerous op-
portunities for applications in the management of data. A database
developer might use an LLM to generate an optimized evaluation
strategy for a recursive query, an algorithm for incrementally up-
dating views, or a query rewritten using views. A correct solution
to such requests can improve query evaluation, reduce computa-
tion as a database is updated, or enable applications to work across
schemas in data integration, exchange, and sharing. Fernandez et
al. [23] predict that LLMs will revolutionize how we approach such
hard, often undecidable, database problems.

But how can a developer be sure that a solution proposed by an
LLM to such problems is correct? An incorrect query rewrite or
faulty view maintenance algorithm can lead to wrong or missing
answers, which can have serious consequences for users, who de-
pend on the accuracy of query results. One approach is to manually
review the LLM-proposed solution; another is to test query or view
maintenance algorithm on sample databases. However, while such
approaches might expose mistakes, they do not establish correct-
ness of a rewritten query across all databases. Furthermore, an
argument showing that even a short recursive program computes
the right results can require a substantial amount of mathematical
sophistication. Evidence [17] suggests that coding agents leave a
bottleneck at the point of human review; that is, the burden has
shifted from writing code to confirming that the code is correct. In
the case of checking LLM-generated solutions to hard database
problems, the time and expertise required for such a review can
be impractical. This leaves developers with the choice to either
expend the requisite effort, or to trust a solution which has not
been independently confirmed.

However, recent successes in Al-assisted mathematics [53] point
toward another approach: asking the LLM to prove correctness of
its solution in an interactive theorem prover such as LEAN [16].
LEAN provides a small, trusted kernel; given a carefully formalized
theorem statement and a proof term, the kernel checks whether
or not the proof is valid. Given such a formalization, a human
reviewer needs only to inspect the mathematical definitions and
theorem statements. However, producing these definitions on each
invocation of an LLM to solve a hard database problem means
checking the formalization each time, leaving a still substantial
burden on the reviewer. Furthermore, such requests can require
highly capable models, resulting in significant financial cost in order
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Figure 1: Overview of the WHIEL system. Search seeks an invariant satisfying the ladder rule or a concrete counterexample.
The certifier produces a LEaN-checked proof of validity or invalidity for the original input triple.

to produce a solution. One idea to reduce this time and financial
cost is to produce reusable definitions one time; however, it still
leaves success or failure up to the LLMs ability to construct proofs
across a wide range of problem-specific formalizations.

We believe that a simpler approach is to target a single general
and hard problem into which all of the others — query equivalence,
containment, rewriting, incremental updating, and more — can be
encoded. As this single general problem we choose verification
of imperative relational programs. Program verification is a well-
studied area with a developed mathematical theory and powerful
tools, such as SAT/SMT solvers, automated and interactive theo-
rem provers, capable of coping practically with the intractable and
undecidable nature of the problem. Using such tools, instead of a
variety of insights for proving the correctness of proposed solutions
to a variety of problems, we only need insights for “guessing” loop
invariants. We use LLMs for this and then our platform can “check”
these guesses and certify the correctness proofs.

Our Contributions

We introduce the WHIEL system, a neurosymbolic platform for
certified verification of relational programs. In WHIEL's relational
programming language, program states are database instances, up-
dated by assigning the results of relational algebra (RA) expressions
to relation-valued variables. The system is designed to solve the
WHIEL Hoare validity problem which, informally, asks whether or
not a relational program satisfies a given first-order specification of
its correctness (overall formalized as a Hoare triple; see Equation 1).
The WHIEL Hoare validity problem serves as the common target
proposed above: it is highly general, capable (see Section 3) of sim-
ulating not only recursive queries written in DATALOG [12], in its
extensions with negation [1], or in the cores of graph query lan-
guages [26], but also their evaluation strategies. It can also represent
DATALOG containment and equivalence with respect to constraints,
optimized or incremental algorithms, correctness of view-based
query rewrites, schema mappings, and problems arising in data in-
tegration, exchange, and sharing. Through encodings, WHIEL aligns
with the vision of Castro Fernandez et al. [23], who predicted that
LLMs might overcome the “ceiling” for existing automation of these
hard problems. WHIEL also addresses one of the key challenges of
this vision: ensuring that the LLM’s proposed solutions are correct.

The primary challenge in solving the WHIEL Hoare validity prob-
lem is the synthesis of loop invariants: formal assertions used to
prove correctness properties of program loops. By pre-processing
arbitrary program written in WHIEL'’s relational language to single-
loop form, WHIEL reduces this issue to the problem of synthesizing a
single invariant for the pre-processed program. It then implements
an LLM-powered synthesis search. Failing that, WHIEL can produce
counterexamples to the validity of Hoare triples, specifically, initial
program states from which execution terminates in a state violating
the specification. Such counterexamples prove that the program
does not satisfy the specification.

Consider a developer seeking a view-based rewriting of a DATA-
LOG query. We envision a workflow (Figure 2) in which a coding
agent, LLMgolve, proposes a Datalog program over the view schema.
Then, the equivalence of this rewriting to the original query is en-
coded as an instance of the WHIEL Hoare validity problem, which
is passed into the WHIEL system. The WHIEL system utilizes a pow-
erful guess-and-check methodology (Section 5), with another agent,
LLMwyes L, generating candidate loop invariants or candidate coun-
terexamples that are then checked by WHIEL’s symbolic apparatus.
WHIEL outputs a proof if it confirms that LLMgg}y.’s rewriting is
correct; if it returns a counterexample, then LLMg,ve can use it to
revise its attempted rewrite.

Attempted solution

Encoder

Proof or
counterexample

Hoare triple
{PRE} C {POST}

WHIEL
Proposer: LLMyyygr.

Figure 2: Envisioned workflow for solving a hard database
problem with feedback from WHIEL.

WHIEL (Figure 1) combines a flexible proposer, an automated
symbolic verifier, and an independent, LLM-free certifier. During
iterative search, the verifier checks proposer-provided candidate in-
variants or counterexamples using our LEVELEDHOUDINT algorithm,
a variant of the classical Houpint algorithm [24]. This algorithm
accepts sets of first-order expressible assertions which may con-
tain prophecy variables (Definition 4.4) representing the terminal

'We refer to this agent as AGENTHOUDINT in Figure 1 and Section 5.



values of existing program variables. These assertions are automat-
ically organized by LEVELEDHOUDINI into leveled assertions using
a pruning process involving VAMPIRE [38] calls and LEaN-based
operations. The verifier provides feedback for further proposals
until a proposal is accepted or the resource budget is exhausted.
Properties of terminal values established at lower levels support
proofs of further properties at higher levels, while the resulting
verification conditions remain first-order.

The final component of the WHIEL system is the certifier, which
creates, without LLM-assistance, LEAN certificates that a given
Hoare triple is valid or invalid. Invariants are certified using our
Lean library combined with Vampire proofs reconstructed via VAm-
PLEAN [9], while counterexamples are certified by a relational pro-
gram interpreter and model-checker implemented in LEAN. De-
pending on the application, certification is an optional step which
reduces the trusted computing base of the answer to only the LEaAN
kernel, removing the need to trust the LLM proposer, verifier im-
plementation, or even VAMPIRE.

Our experiments (Section 6) demonstrate the value and power
of WHIEL’s neurosymbolic architecture. With GPT-5.5, WHIEL’s
iterative search process is able to solve 73 of 86 of the tasks in our
curated benchmark. In contrast, our two separate baseline methods,
one which attempts to directly generate a LEAN proof without help
from our symbolic harness (DIRECTLEAN), and another which makes
only one proposal but does not receive feedback or iterate (WHIEL-
ONEROUND), solve 20 and 46 benchmark examples, respectively. In
addition to the success rate, WHIEL solves more tasks at an average
token cost of $0.49, compared with $2.08 for DIRECTLEAN. The
first comparison demonstrates the value of the symbolic harness;
the second demonstrates the further benefit of iterative search.
WHIEL’s 600-second budget covers search and runtime verification;
certification is measured separately, since it occurs after an answer
has already been accepted by the verifier.

Beyond data management, WHIEL’s certified verification can
enable reliable LLM-assisted development of relational programs,
whose application areas continue to grow: these include declara-
tive networking and network analysis [42, 64, 65], static program
analysis [34, 63], and enterprise and knowledge-graph applications
through systems such as Rel [3] and Vadalog [4]. Scallop and Lob-
ster apply the paradigm to neurosymbolic programming (8, 41],
alongside work on declarative machine learning [60]. Differen-
tial dataflow [48] and incremental and dynamic graph process-
ing [7, 21, 22] address efficient evaluation over changing data.

The novel contributions of this paper are:

(1) A common verification target. We introduce the WHIEL
Hoare validity problem (Section 2), and explain how to encode
database problems, including recursive query equivalence and
containment, correctness of evaluation strategies, incremental
view maintenance, and view-based query rewriting (Section 3).

(2) Automated structuring of ladder invariants (Section 4).
We introduce ladder invariants and their compact leveled asser-
tion representations, supporting nested inductive arguments in
which properties of a loop’s final state help establish further
properties. Our LEVELEDHOUDINTI algorithm automatically or-
ganizes proposed clauses into levels reflecting this inductive
structure while keeping verification conditions first-order.

(3) An implemented neurosymbolic verification system (Sec-
tion 5). We develop WHIEL, combining an agent proposer with
a symbolic verifier that checks candidate invariants and coun-
terexamples and provides feedback for iterative search. An
independent certifier constructs LEAN proofs of validity or in-
validity without further LLM assistance.

(4) A certified benchmark and experimental evaluation (Sec-
tion 6). We provide a benchmark of 86 relational verification
tasks with certified reference answers. Our evaluation measures
the benefits of WHIEL’s iterative search relative to direct LEAN
proof generation and single-proposal baselines, and separately
reports certification success, time, and memory usage.

Related work

Theoretical work on database program verification goes back as
far as the work by Casanova and Bernstein [11] in 1980 who pro-
posed a formal system for reasoning about programs accessing
a relational databases through data definition and manipulation
languages. Berghammer et al. [6] verify relational programs over
binary relations using manually-supplied invariants, discharging
their verification conditions using the automated first-order theo-
rem prover Prover9 [46]. Itzhaky et al. [33] verify loop-free scripts
over a fragment of SQL using weakest precondition computations,
with their resulting verification conditions falling within a decidable
fragment of first-order logic (FOL). Mediator [62] verifies equiva-
lence between pairs of programs implementing loop-free update
transactions and nonrecursive queries, with invariants generated
using clause templates and HoupINI-style pruning. Beyond data-
base and relational verification, LOOPY [36] and the work of Pirzada
et al. [54] utilize LLMs as candidate invariant generators, with the
former using HoupINI-style pruning and the latter using VAMPIRE
to avoid unrolling loops during bounded model-checking.

VERIEQL [32] proves bounded equivalence of SQL queries. Sym-
bolic tools for proving unbounded equivalence of SQL queries
include SQLSoLVER [19], QED [61], and CoseTTE [13], with the lat-
ter even providing proofs verified in the proof assistant CoQ (now
Rocq [56]). GRAPHQE [55] proves equivalence for CYPHER [25]
queries, while GRaPHITI [31] proves equivalence between CYPHER
and SQL queries. Even more recent work studies verified LLM-
guided SQL rewrites [40], while a recent preprint introduces Lo-
Gos [37], a tool for verifying SQL rewrites in RocQ.

Prophecy variables support reasoning about future program be-
havior [35, 39]. WHIEL’s prophecy termination condition is reminis-
cent of the use of prophecy variables to establish a property when-
ever predicted values agree with actual program values [44, 47]. We
introduce the LEVELEDHOUDINT algorithm to automatically orga-
nize candidate clauses into stages of a nested inductive argument.
Within each stage, our algorithm applies the annotation-pruning
framework of Flanagan et al. [24] to identify mutually-supporting
clauses under assumptions from earlier stages.

2 THE WHIEL HOARE VALIDITY PROBLEM
2.1 Preliminaries

Database terminology. We write I' to denote database schemas,
which are finite collections of relation symbols, each with an as-
signed natural number arity. A relation symbol is nullary if it has



arity 0. A database instance over T is a map from the symbols of T
to finite relations of appropriate arity over a fixed data domain.
Datalog is a declarative query language. DATALOG programs are
written as sets of rules. Rules are evaluated by matching the right-
hand side of the rule to a database instance, and then deriving the
tuple on the left-hand side. Evaluation repeatedly applies these rules
until no new tuples can be derived. As an example, the following
program computes the transitive closure T of a binary relation E:

T(x,y) < E(x,y)

T(x,y) < E(x,2), T(z,y). (TCpararos)

Computability. A decision problem is recursively enumerable (RE)
if there is an algorithm which enumerates its positive instances.
The class coRE consists of problems whose complements are in
RE. A problem is complete for a class if it belongs to that class
and if any problem in the class can be reduced to it via many-one
reductions; that is, computable maps that preserve the answers.
Many hard decision problems in databases, like those mentioned
in the introduction, are coRE-complete. Consequently, no sound,
effective procedure can enumerate all positive instances. An oracle
for a decision problem is a function that returns the correct answer
for all inputs to the problem. An oracle is a construct for theoretical
analysis; the function need not be computable.

2.2 WHIEL Programs and Hoare Triples

WHIEL commands transform database instances via assignments to
relation-valued variables over a fixed execution schema. States for
such commands are database instances over the execution schema;
that is, states are maps from the schema symbols to finite relations
of appropriate arity. Assignments update variables using RA ex-
pressions; guards of while loops and if-then-else conditionals are
WHIEL assertions: Boolean combinations of inclusions and equalities
between RA expressions. The formal syntax is given by

pu=i=jli=cl-oloreloVe

Ex=T|0|R|{d}|0,E| mE|EXE|EUE|E-E
Au=true|false | ECE|E=E|-A|AANA|AVA
C:=X:=E|C; C|skip | if A then C else C | while A do C end

Here, i and j denote tuple indices, ¢ denotes selection condi-
tions, R and X are relation symbols, d denotes a domain constant,
E denotes RA expressions, A denotes WHIEL assertions, and C de-
notes WHIEL commands. RA expressions are evaluated in states
(i.e., database instances) as usual, while assertions are either satis-
fied or falsified. We write E(s) to denote the result of evaluating
RA expression E in state s. For assertions, E; C E; is satisfied in s
(notation: s |= E; C E,)if E1(s) C E»(s), and similarly for equalities.
The semantics of assertions are extended to Boolean combinations
in the natural way. Given a state s, we write s |= A if A evaluates
to true in s (under the natural semantics for the guard syntax), in
which case we say that A is satisfied in s.

Assertion A entails assertion B (notation: A |= B) if every state
satisfying A also satisfies B; in this case we say that the entail-
ment A |= B is valid. Using active domain semantics [1], Codd’s
theorem [14] implies that WHIEL assertions can be translated to
sentences of first-order logic (FOL), and that every sentence of

FOL is expressed by some WHIEL assertion. WHIEL includes a Lean-
formalized translation from assertions to first-order logic, enabling
the system to check entailments between assertions using VAMPIRE.

WHIEL is endowed in LEAN with a formalized big-step semantics,
mapping input states to output states. Assignments update assigned
variables to the result of evaluating RA expressions; C; ; C, executes
C, followed by C,; skip does nothing; and while and if-then-else
have their usual guarded semantics. The semantics are partial (i.e.,
the output state is sometimes undefined) due to the potential for
nonterminating while loops.

The DATALOG program for transitive closure (Program TCpararoc)
can be simulated in WHIEL (see Program TCwyg). Borrowing ter-
minology from DATALOG, we refer to relational variables which
appear on the left-hand side of some assignment as intensional
database predicates (IDBs), and all other relational variables as ex-
tensional database predicates. Given a WHIEL command C, we write
IDB(C) (resp. EDB(C)) to denote its intensional (resp. extensional)
database predicates. For example, in the program below, we have
that IDB(TCwimsr) = {S, T}, while EDB(TCwyrer) = {E}.

while T # S do
T:=S
S:=EUEoT
end

(TCWHIEL)

We write E o T as shorthand for relational composition, which
is definable in RA using a select-project-join query. Note that
TCwrer Uses an auxiliary variable® S to capture the next value for
T. Under appropriate assumptions on the initialization of S and T
(see Equation 2), the program computes the transitive closure of E.
Aucxiliary variables are not strictly necessary for simulating DATA-
LOG programs in WHIEL, but we include S for expository purposes.

Inputs to the WHIEL system are Hoare triples, written

{PRE} C {POST}, (1

where PRE and POST are assertions and C is a WHIEL command.
A Hoare triple is valid if, for all terminating runs of C starting
from a state satisfying PRE, the halting state satisfies POST. The
triple is invalid otherwise. Thus, providing a single state which
satisfies PRE and for which C terminates in a state falsifying POST
suffices to prove the triple invalid. The goal of the WHIEL system
is to determine whether or not a given Hoare triple is valid; this is
the WHIEL Hoare validity problem.

THEOREM 2.1. WHIEL Hoare validity is coRE-complete.
As an example, consider the following Hoare triple:
{T=0AS=E} TCwmmrr {ToTCT} 2)

This asserts that, assuming that the IDB T is initially empty while
S is initialized to E, the final value of T after running the TCwgygy
program is transitive.

3 APPLICATIONS OF THE WHIEL SYSTEM

WHIEL can be applied to hard problems in databases by encoding
them as instances of the WHIEL Hoare validity problem. This may
initially seem unsurprising, since the problem’s coRE-completeness

2A variable which is not part of the “intended” output, but supports the computation.



Query T Views

T(x,y) « E(x,red,y)

T(x,y) « E(x,bluy)

T(x,z) < E(x,red,y), T(y,z)
—

T(x,z) E(x, blu,y),T(y, z)

entails that any problem in the class of coRE, including many data-
base problems, can be reduced to WHIEL Hoare validity. However,
it is striking how natural and compact these encodings are, and
how efficiently they can be constructed.

Encoding DATALOG. Consider the DATALOG path system query [15]:
T(x) « A(x),

T(x) < R(x,y,2), T(y), T(2).

Here, A denotes a set of initially accessible nodes, while a tuple

R(x,y, z) says that node x is accessible if both y and z are accessible.

We will use this example to illustrate WHIEL’s ability to express
different evaluation strategies for DATALOG. Define the shorthand

H(X,Y) = mpg) (01=3n2=4((R X X) X Y))

The following two programs simulate naive and semi-naive evalua-
tion [1, Section 13.1], respectively:

(PSDATALOG)

PSNAIVE PSSEMINAIVE
T:=A U=A; AN:=A
S:=AUH(T,T) while A # 0 do
while T # S do N :=(H(AU)UH(U, M)\ U
T:=S U:=UUN
S:=AUH(T,T) A:=N
end end

Encoding Graph Queries. Problems stated over the cores of property-
graph query languages such as GQL and SQL/PGQ are also naturally
encoded into the WHIEL Hoare validity problem. Indeed, the core of
such languages comprises graph-pattern matching (expressible with
(even linear) DaTaLoG) followed by relational operations [10, 26].
Han and Ives exploit this perspective to implement query rewriting
with views using relational techniques [29].

We suggest that the example in Equation 3 illustrates this connec-
tion convincingly, without the need to use graph language syntax.
The query T computes reachability along all edges, red or blue;
RedPV and BluPV compute the red-only and blue-only path views.
The rewriting R recovers T by composing paths supplied by these
views. Although this example is simple, deciding whether an equiv-
alent DATALOG rewriting using given views exists is undecidable
in general [20]. We have encoded this example in WHIEL using
separate binary relations for red and blue edges, and verified and
certified the equivalence of the original query and its rewriting.

More generally, WHIEL can express interesting graph compu-
tations such as computation of the attractor set for two-player
reachability games on finite graphs [45]. In such games, we are
given a graph (V, E) with no dead ends and subsets of vertices
Py, Target C V. In such a game, there is an attacker whose goal is
to reach the Target vertices. The goal of the defender is to prevent
the attacker from reaching the Target set. The attacker may choose

RedPV(x,y) « E(x,red,y)
RedPV(x,z) <« E(x,red,y),RedPV(y,z)
BluPV(x,y) <« E(x, blu,y)
BluPV(x,z) < E(x,blu,y), BluPV(y, z)

Rewriting R

R(x,y) < RedPV(x,y)

R(x,y) <« BluPV(x,y) (3)
R(x,z) < R(x,y),R(y.2)

the next node from vertices in P,; other nodes belong to the de-
fender. The attractor of the game is the set of nodes W from which
the attacker has a strategy to force the game position to reach the
Target set, irrespective of the moves chosen by the defender. Define
Pred(X) := 7o) (01=2(E x X)). The following monotone operator
on the powerset of vertices has, as its least fixed point, the attractor
set of the graph to which it is applied:

F(X) =Target U (P, N Pred(X)) U ((V \ P,) \ Pred(V \ X)).
Using this operator, the corresponding WHIEL command is

W:=0; Z:=F(W)
while W # Z do

wW:.=Z (RGWHIEL)
Z :=F(W)
end

Several interesting correctness properties of this command can
be expressed in WHIEL’s assertion language. Let ¥ denote some
collection of first-order constraints on the input graph, and let I be
a subset of vertices. To check whether these constraints guarantee
that I is safe, meaning that the attacker cannot win from any vertex
in I, we can ask whether the following Hoare triple is valid:

{Z} RGwiieL {I nw= 0}

Encoding Other Database Problems. We have already seen that
WHIEL can encode DATALOG queries and express equivalence be-
tween them; even extensions with negation can be expressed using
the difference operator. More generally, we can encode first-order
constraints (such as tuple- or equality-generating dependencies) in
the precondition, and compare the corresponding output relations
by equality or inclusion. As with DATALOG evaluation strategies,
WHIEL can also express correctness of incremental view computa-
tion algorithms by first computing the original view and auxiliary
state, then applying the input update and maintenance algorithm,
and comparing the maintained result with full recomputation on
the updated database. Schema mappings can also be expressed as
first-order constraints. For view-based rewritings, we first compute
the view, and then compare the result of the original query with
the result of the rewritten query applied to the view schema.

4 WHIEL’S VERIFIER

In this section, we explain the mathematical theory behind WHIEL’s
verifier. For this, we return to our expository example, TCwyygy.-

4.1 Hoare Logic and Verification Conditions

The key challenge in solving the WHIEL Hoare validity problem is
the identification of loop invariants; that is, given a Hoare triple

{PRE} while G do B end {POST}, (4)



to identify an assertion I satisfying the verification conditions

PRE = I, (init),
{I A G} B{I} is valid, and (maint);
I A =G |= POST. (term);

We refer to these as the initialization, maintenance, and termination
conditions, respectively. Note that (init);, (maint);, and (term);
depend on PRE, POST, G, and B from the Hoare triple in Equation
4. We leave this dependence on the Hoare triple implicit. We call I
inductive if (init); and (maint); hold. Intuitively, these three con-
ditions assert that the assertion I is satisfied at the start of the loop
((init);), after each loop iteration ((maint);), and that I together
with the negation of the loop guard implies POST ((term);).

PROPOSITION 4.1. If there exists an assertion I satisfying (init);,
(maint);, and (term);, then the Hoare triple in Equation 4 is valid.

Since PRE, POST, I, and G can be translated to FOL, the (init);
and (term); checks are effectively FOL entailments. To express
(maint); as an FOL entailment, we use the weakest liberal precon-
dition of I with respect to B, which is the set of states from which
all terminating runs of B halt in a state satisfying I [18]. This set
is expressible if there exists a WHIEL assertion wlp(I, B) which is
satisfied in all and only these states.

PROPOSITION 4.2. For an assertion I and loop-free’> command B,
wlp(1, B) exists and is computable from I and B; and for every WHIEL
assertion G, {I A G} B{I} is valid if and only if I A G |= wlp(I, B).

For an assignment X := E, we have that wlp(A, X := E) =
A[E/X], where A[E/X] denotes the result of simultaneously re-
placing occurrences of X in A with E. For a conditional with guard
H and loop-free branches C; and C,

wlp(A, if H then C; else C,)
= (H » wlp(4,C1)) A (=H — wip(4,G)).

Intuitively, the wlp rule for if-then-else asserts that the precondi-
tion of the selected branch must hold. Skip is straightforward, with
wlp(A, skip) = A, while sequencing iterates wlp computation
backward from the last command in the sequence.

Thus, when B is loop-free, all three verification conditions for
Equation 4 can be written as FOL entailments. For the remainder
of this section, we consider commands in single-loop form; that is,
of the form in Equation 4, where B is loop-free.

In practice, it is convenient to search for conjunctive invariants
I, which are invariants given as the conjunction of some set of
smaller assertions, called clauses*. When an invariant is written
as a conjunction of clauses, the verification conditions (init); and
(maint); can be decomposed into per-clause checks:

PRE |= ¢, and
IAG |=wlp(c, B).

(init),
(step);,
We refer to these as the initialization and preservation conditions,
respectively. Observe that in the definition of (step); ., the entire
invariant I is available on the left-hand side of the entailment. A

3that is, containing no occurrences of while
4Clauses are often assumed to have a particular shape, such as being disjunctions of
literals, but the WHIEL system uses “clause” and “assertion” interchangeably.

clause c is preserved by I if (step); . holds. The following proposition
justifies this decomposition.

PROPOSITION 4.3. LetI = A\ cs ¢ denote the conjunction of a finite
set S of clauses. Then
(1) (init); holds if and only if (init), holds for allc € S; and
(2) (maint); holds if and only if (step); . holds for allc € S.

The Houdini algorithm [24] uses this decomposition to compute
the maximal inductive subset® of a finite set S of clauses. That is, it
computes the largest subset S” C S such that (init);, and (maint),
hold, where I’ = Ascg s. If the resulting invariant I’ also satisfies
(term);,, then the Hoare triple is valid. WHIEL employs a modified
version of the Houdini algorithm (Section 4.4) which is specialized
to handle the prophecy variables and leveled invariants described in
Sections 4.2 and 4.3, respectively.

4.2 Prophecy Variables

Consider again the triple in Equation 2. For this running example,
we write G and B to denote the guard T # S and the body T :=
S; S:=EUEoT of TCwyigw, respectively. One initial attempt at
providing an invariant is to use ¢ = S = EU E o T, which is easily
seen to satisfy (init),, and (maint), . However, termination fails:

(S=EUEoT)AS=T | ToTCT

is an invalid entailment. This is because ¢y and S = T imply that T
is a fixed point of the map X — E U (E o X), but do not guarantee
that T is transitive. Furthermore, the assertion ToT C T itself is too
strong to be an invariant; while it is initially true (since T = 0), and
it clearly satisfies the termination condition, it fails to be preserved
in general during executions of the loop.

Prophecy Variables and Terminal Consequences. We conjecture that
no invariant expressible in FOL over the execution schema {E, S, T}
exists for the Hoare triple in Equation 2. This seems to be related to
the fact that FOL cannot express transitive closure: the postcondi-
tion concerns only the terminating value of T, which is precisely the
transitive closure of E. To mitigate this apparent lack of expressivity,
we introduce the following definitions.

Definition 4.4 (Prophecy variables and schema). Let C be a WHIEL
command over execution schema I'. For each P € IDB(C), introduce
a fresh relation symbol P® ¢ T of the same arity as P, called a
prophecy variable. The prophecy schema of C is

I =T U{P® | P € IDB(C)}.

The intended interpretation of P* is that it denotes the terminal
value of P, its value at the end of a terminating run of the program
C. Note that EDBs are not assigned prophecy variants because, by
definition, their values are unchanged during the execution of C.

Definition 4.5 (Prophecy variants and terminal consequences). Let
C be a WHIEL command over execution schema I'. For a relation sym-
bol P € IDB(C), its prophecy variant is the corresponding prophecy
variable P®. For an assertion A over I'™®, its terminal consequence
A® is obtained by simultaneously replacing each occurrence of
every P € IDB(C) with P®. EDB symbols and prophecy variables
already present in A are unchanged.

5This guarantee presupposes that the verification condition checks are conclusive.



WHIEL supports invariants over the prophecy schema of its in-
puts. Under the intended interpretation of prophecy variables, A*
expresses what A, if inductive, “says” about the terminal state. How-
ever, this alone does not increase the expressive power of the system;
any assertion over I'™ satisfying the three verification conditions
(init);, (maint);, and (term); can be transformed into an invariant
over the original schema I'. To strengthen our system, we must
modify the verification conditions themselves. The first way to do
this is to hard-code the intended meaning of the prophecy vari-
ables in the termination condition. Keeping (init); and (maint);
unchanged, we can replace the (term); check with

IA-GA P =P* |= POST.
P€IDB(C)

Equivalently, we can check

I® A =G* |= POST™. (term);”
The program does not contain occurrences of the prophecy symbols,
and so the entailments (init); and (maint); must hold for arbitrary
relations assigned to the prophecy variables; their intended meaning

is applied only in the termination check.

Definition 4.6 (Prophecy invariant). A prophecy invariant for a
Hoare triple of the form in Equation 4, where C is a WHIEL program
over execution schema T, is an assertion I over I'** such that (init);,
(maint);, and (term);” are valid.

PROPOSITION 4.7 (PROPHECY RULE). If a prophecy invariant exists
for a Hoare triple of the form in Equation 4, then the triple is valid.

4.3 Leveled Invariants

Proposition 4.7 enables us to construct an invariant for Equation 2.
Consider the assertion ¢; = T o T® C T*, which, unlike T o T C
T, is true at the start of the TCwys. loop and holds on every
iteration (under the intended interpretation of T*). Furthermore,
we have that ¢° = POST® = T® o T C T, and therefore any
conjunctive invariant I with ¢ as a clause suffices to ensure that
(term);” holds. However, more is needed since (maint),, fails due
to the fact that, while ¢; holds at the start of each loop iteration under
the intended interpretation, Proposition 4.7 requires that (maint);
holds for arbitrary values assigned to T*, which is not the case.

We know from our earlier discussion that ¢ is inductive, and it
gives some information about the terminating values of S and T. In
particular, its terminal consequence is ¢y =ES®=EUEoT", while
that of the negation of the loop guard, =G>, is T = S*. Together,
these entail that T® = EU E o T*, and so

EoT® CT™. (5)

This last fact suffices to preserve c;; more precisely, we establish
the entailment

co Acr A=G™ Acy |=wlp(cy, B). (6)

Here, ¢y and c; should be interpreted as assumptions about the
current values of the IDBs, while =G A ¢’ is an assumption about
the terminating values. Since B first assigns T := S and then updates
only S, we have that wlp(cy, B) = S o T® C T*. Using ¢y, c¢1, and
the derived fact in Equation 5, we obtain through standard reason-
ing steps that S o T® C T, which establishes the preservation
entailment in Equation 6. In general, a preservation proof may also

assume G (that the guard is true for the current values); we did not
need to use this assumption in the above.

Intuitively, the argument proceeds in two stages. The first stage
establishes that ¢, is inductive. The second stage uses the assump-
tion that ¢y is inductive, allowing us to assume its terminal con-
sequence c,’. This combines with the assumption -G, asserting
that the guard is false for the terminal values, to derive the useful
fact in Equation 5. This useful fact allows us to derive So T® C T,
establishing that c¢; holds on each iteration of the TCwyygy, loop,
given the terminal consequences ¢’ and ~G®. Finally, the termi-
nal consequence c;° suffices to prove the termination condition of
Proposition 4.7. This suggests the following prophecy invariant:

Irc = A (=G AcT) —a). )

Leveled verification conditions. Consider the per-clause checks of

Proposition 4.3 for each top-level conjunct of Itc. For co, these are
PRE = ¢y, and

Itc A G |= wlp(co, B).

(init),,
(steP)yec
For d; = (-G™ Acy’) — ¢y, they are

PRE |= (-G® A¢y’) = ¢1, and
Itc AG Ewlp ((=G® A c)’) — c1,B).

(step)y.a,

Since =G* and c¢;’ do not contain IDBs, they are unchanged by
taking the weakest liberal precondition with respect to B:

wlp (-G® Ac]’) = ¢1,B) = (=G™ Acf’) = wlp(cy, B).
Consequently, we can simplify the checks of the second conjunct
of Itc to the equivalent entailments

PREA=G® Acy |Fcy, and
co Act AGA=G™ Acy |=wlp(cy, B).
Our previous argument establishes that (init),, and (step) Frc.co &5

well as the above equivalent versions of (init), and (step);. 4.
are valid. Thus by Proposition 4.3, Itc is inductive. Furthermore,
Le = A((=G®ACT) > cT),
and we know that ¢° = POST®, so
Itc A =G” |= POST®™ (term);
holds. Hence we can conclude by Proposition 4.7 that the Hoare
triple in Equation 2 is valid.

Generalizing the argument. The form of the prophecy invariant
Itc can be generalized to support similar stage-based reasoning
for arbitrary Hoare triples of the form in Equation 4, where the
command C has execution schema T'.

Definition 4.8. A leveled candidate is a tuple A = (So, ..., Sn) of
finite sets of clauses (called levels) over the prophecy schema I'®,
where Sy contains no occurrences of prophecy variables. We write
UA = U7y S; to denote the set of all clauses in A. The ladder
assertion of A with respect to C is the assertion

Ao/\/m\ —-G‘X’/\/\A}X’) - Ap
k=1

i<k
where Ay = A s, ¢ and empty conjunctions denote true.

, ®)

Ly( =




The invariant Itcin Equation 7 is exactly the ladder assertion of
the leveled candidate Arc = ({co}, {c1}) with respect to TCwigy-
In the general case, we can also introduce modified verification
conditions which match the argument for TCwygy. For the level-0
clauses, these are the typical conditions:

PRE |=¢, and
G A Ay = wlp(c,B).

(init)%;
0
(step) Ac
For j > 0, the checks mirror the argument for TCwgygr. When
checking initialization at a level S; for j > 0, we may assume that
the loop guard is false for the terminating values, and that all strictly
lower levels satisfied their leveled initialization and preservation
checks (and hence we may assume their terminal consequences).
Thus the level-k initialization condition is
PRE A=G™ A \ AT Ec.

i<k

(init)%; .

The preservation check may assume that the guard is true at the
current values, that it is false for the terminal values, that clauses at
the current level and below are satisfied on the current iterations,
and that all strictly lower levels satisfied their leveled initialization
and preservation checks. Thus the level-k preservation condition is

GA /\Ai A ~G® A /\A;’" = wlp(c, B).

i<k i<k

k
(step) e

The termination condition (term) 4 for a leveled candidate A =
(So, - - -, Sm) is precisely (term)y, where A = Ag<p, Ak

Definition 4.9. A leveled candidate A = (Sp,...,Sy) is an (in-
ductive) core if (init)l;(’ . and (step)ﬁq) . are valid for all k < m and
¢ € S. Itis a leveled invariant if (term) 4 is valid as well.

PROPOSITION 4.10 (LADDER RULE). If a leveled invariant A exists
for a Hoare triple of the form in Equation 4, then the triple is valid.
Furthermore, L # is a prophecy invariant for the same Hoare triple.

4.4 Leveled Houdini

The LEVELEDHOUDINI algorithm takes as input a single-loop Hoare
triple 7 of the form in Equation 4, a finite set of candidate clauses
S, and a leveled candidate K = (K, ..., K,;). All verification condi-
tions and inductive cores in this section are relative to 7. Assuming
K is an inductive core, LEVELEDHOUDINI constructs an inductive
core K" = (Kj,...,K,) withm <nand K; C K]’. for all j < m. The
output core may contain additional levels. We treat levels beyond
the greatest tuple index of a leveled candidate as empty.
Intuitively, LEVELEDHOUDINI iteratively applies ordinary Hou-
DINI at each level j, starting from level 0, and applying the level-j
initialization and preservation checks until reaching a fixed point.
Once LEVELEDHOUDINT reaches a fixed point at a given level, that
level is no longer changed during the run. For level-0, the checks
are the usual per-clause checks. At a positive level, these checks
come with the additional assumptions discussed previously, which
are not provided by the standard HoupinI algorithm. Clauses in
the candidate set S which do not contain prophecy variables are
first tried at level 0, while those containing prophecy variables are
first tried at level 1. A clause which fails either level-j initialization
or preservation is tried again at level j + 1, unless j > 0 and the
updated core contains no clauses at level j or above. This is because

the additional assumptions may cause a clause to pass its checks at
a higher level despite failing at a lower one.

Algorithm 1 LEVELEDHOUDINI(T, S, K)

Input: Single-loop Hoare triple 7; finite candidate clause set S;
Inductive core K = (Ko, ..., Kn);
Output: An inductive core extending K
L Pe—S\UK; k<0
2. while P # 0 do
3 Re—{ceP|t(c)<k}; Ryg<—0

4 forc € Rdo

5: if (init)’;(’ . is invalid then R < R\ {c}
6: while R # R,;4 do

7: Roia < R

8: A «— ExXTEND(K, k, R)

9: forc € Rdo

10: if (step)]}(’c is invalid then

11: R« R\ {c}

12: break

13: K «— ExTeND(K,k,R) ; P<— P\R

14: if k > 0 and K; = 0 for every j > k then break
15: k—k+1

16: return K

Pseudocode for LEVELEDHOUDINT is provided in Algorithm 1.
The outer loop iterates through levels in increasing order, with k
denoting the current level. We write £(c) to denote the initial level
of clause ¢ (either 0 or 1), as described above. The set P contains
all clauses from S which do not already occur at some level in K.
On the k" iteration of the outer loop, R contains those clauses
to be considered for addition to level k of the core. The function
ExXTEND(K, k, R) returns the result of adding every clause in R to
the k" level of K. The algorithm assumes access to an oracle for
WHIEL assertion entailments. As in classical Houdini, the body of
the outer loop first removes all clauses failing initialization for the
corresponding level, followed by an inner loop removing all clauses
which fail preservation. Clauses which survive this pruning process
are added to the core at the corresponding level.

Correctness. Ordinary Houdini’s pruning argument entails that
each level also produces the largest subset of the clauses considered
at that level which pass the initialization and preservation checks for
that level. Furthermore, their inclusion at each level only adds to the
hypotheses of the initialization and preservation checks for clauses
already in the core. The inner loop always terminates because each
iteration either removes a clause from R, or else the guard fails on
the next iteration. The outer loop halts because any iteration for a
level above m either removes a clause from P, or the loop is broken
on line 14. Furthermore, if (term)4- holds for the returned core K”,
then the input Hoare triple is valid by Proposition 4.10.

5 IMPLEMENTATION OVERVIEW

The WHIEL system implements the pipeline described in Figure 1.
It takes as input a Hoare triple, conducts a search for a leveled
invariant or a counterexample input state, and, when the search
succeeds, certifies the solution in LEAN. LEAN certification serves as



a guarantee of soundness; consequently, Theorem 2.1 implies that
WHIEL is incomplete. To mitigate the risk of non-termination, the
implementation incorporates a number of resource limits. These
include configurable time limits bounding the overall search time,
the time allotted to VAMPIRE solver calls, the execution of candi-
date counterexamples, and the construction of LEAN certificates.
Exhausting the overall search time leaves the triple unresolved,
while exhausting the certification time leaves the verifier’s answer
uncertified. A Rust-based controller manages the interactions be-
tween the LEAN library, VAMPIRE, and a Python harness for the
LLM-based proposer. We describe the components below, with the
experimental parameters deferred until Section 6.

5.1 LeanN Foundation and Preprocessing

WHIEL’s LEAN library formalizes database instances, syntax and
semantics for RA, WHIEL assertions and commands, and sound-
ness of the Hoare logic principles introduced in Section 4. It also
implements several operations used by the synthesis algorithm,
including wlp computation, preprocessing, and various syntactic
operations on formulas such as prophecy variable substitution.

The preprocessor uses classical methods [30], which may intro-
duce additional nullary relation symbols to the schema, to transform
an arbitrary Hoare triple into single-loop form, that is, the form of
Equation 4 with B loop-free. A LEAN theorem proves that the result-
ing triple is equivalid® with the original triple. Consequently, the
search algorithm seeks an invariant over the preprocessed triple,
while the certifier transfers the result back to the original.

5.2 Neurosymbolic Search with AGENTHOUDINI

WHIEL’s search procedure is an interactive exchange between a
proposer and a verifier. The verifier initially pushes the execution
schema, the input Hoare triple, the prophecy schema, and the pre-
processed Hoare triple to the proposer. On each round, the proposer
has read-only access to tools provided by the verifier, including an
assertion syntax well-formedness checker, a tool for inspecting a
runtime record of verification condition check results and coun-
termodels (discussed in more detail in Section 5.3), and a tool to
evaluate assertions on concrete instances. For our implemented
AGENTHOUDINI proposer, these tools are optional, and we evalu-
ated the effect in Section 6. The proposer then makes a Submission,
which is either a finite set of clauses over the prophecy schema (a
candidate clause set), or a concrete database instance (a candidate
counterexample). Note that we use countermodel to refer to an in-
stance which proves invalidity of a WHIEL entailment, while we
use counterexample to refer to an instance which proves invalidity
of a Hoare triple.

An inductive core, initially empty, is maintained by the verifier
and grows monotonically: once a clause is added to one of its levels,
it is never removed during the remainder of the search. When a
candidate clause set is submitted, the verifier runs an implemen-
tation of the LEvELEDHOUDINT algorithm to expand the inductive
core (see Section 4.4). If this core passes the leveled candidate termi-
nation check, then the search ends and we proceed to certification.
Otherwise, the updated inductive core and the set of clauses from
the previous proposal not accepted to the core are sent back to the

%Two Hoare triples are equivalid if either both are valid or both are invalid.

proposer on the next round. A proposed clause ¢ not admitted to the
core by LEVELEDHOUDINI but to be reconsidered later is pending;
such clauses will be reconsidered at level £(c) on the next round in
which a candidate set is submitted. The proposer has the option to
request that pending clauses be dropped (i.e., not reconsidered).

Algorithm 2 WHIEL’s Search Algorithm

Input: Original triple 7; preprocessed triple 7’; search time budget
Output: Accepted core, validated counterexample, or unresolved

1: PusHTASK(7, 7/)

2. K « (0) ; Pending « 0

3: while search time budget remains do

4 Submission < Prorose(K, Pending)

5 if Submission is a candidate clause set S then

6: ‘K « LeveLepHoubini(7, S U Pending, K)

7 Pending « (S U Pending) \ U X

8 If (term)y = valid then return X

9 else if Submission is a candidate counterexample s then
10: If VALIDATE(7, s) succeeds then return s

11: return unresolved

When a candidate counterexample is submitted, the verifier first
checks that the instance satisfies the (original) precondition. If it
does, then the verifier uses a LEAN-implemented WHIEL command
interpreter to run the (original) command on the concrete state; if
this halts, it checks if the output falsifies the (original) postcondition.

Pseudocode for our search procedure is provided in Algorithm 2,
which runs after preprocessing and before certification’. The special
case of this abstract search procedure in which proposals are given
by an LLM agent is the AGENTHoOUDINI algorithm.

5.3 Checking First-Order Validity with VAMPIRE

WHIEL uses VAMPIRE in the place of the finite validity oracle as-
sumed by LEVELEDHoOUDINI. This imposes some unavoidable limi-
tations on the system. First, VAMPIRE checks validity of first-order
entailments over arbitrary structures, whereas WHIEL entailments
correspond to first-order entailments over finite structures. A valid
FOL entailment is also finitely valid, but the reverse does not hold.
Thus VAMPIRE is sound but incomplete for WHIEL entailments.

For each verification condition checked, LEAN code translates the
WHIEL entailment into an equivalent® first-order entailment over
finite structures. This FOL entailment is then passed to VAMPIRE by
the Rust controller to execute a concurrent proof and finite counter-
model search. Both the proof search and finite countermodel search
are subject to the same solver time budget. There are three possible
outcomes: success (validity via proof), failure (invalidity via finite
countermodel), or inconclusive. The latter outcome occurs when
the solver time budget is exhausted or when VAMPIRE encounters
an error, such as running out of memory. When pruning clauses in
LEvELEDHOUDINI, our implementation treats inconclusive checks
as failures. As a result, this also limits the theoretical guarantee that
the core contains the largest inductive subset of clauses considered
at each level. Similarly, inconclusive termination checks may also
occur even when the core is actually sufficient for validity.

"The pseudocode omits solver retry policies and other optimization heuristics.
8Modulo details involving empty structures, which are handled in the implementation.



5.4 Solution Certification and Trusted Codebase

Certification occurs after the search procedure has returned either a
leveled invariant or a validated counterexample. For the former, the
certifier constructs LEAN files containing formalizations of the veri-
fication conditions. It then invokes VAMPIRE’s LEANCHECK, which
produces a proof that is reconstructed in LEAN using the VAMPLEAN
tool’. These certified proof reconstructions are combined with theo-
rems from the WHIEL LEAN library’s Hoare logic formalization and
preprocessing correctness theorem to produce a validity proof for
the input Hoare triple. Similarly, counterexamples accepted by the
verifier have their validation re-run in the LEAN kernel, producing a
proof of invalidity for the input Hoare triple. The emitted theorems
in these LEAN certificates are named input_hoare_triple_valid
or input_hoare_triple_invalid. Certification does not rely on an LLM
agent, and solutions can be certified independently of the search
process that produced them. The certifier rejects any dependencies
of the emitted theorems on axioms other than LEAN’s standard
axioms. A failure of proof reconstruction or counterexample replay
during certification produces no certificate.

The purpose of the certifier is to produce a minimal trusted
code base. A successfully certified solution for the WHIEL Hoare
validity problem does not require trust in the search algorithm,
Rust controller, proposer, VAMPIRE, VAMPLEAN, or even the code
that generates the certificate. Instead, the only requirement for
confidence in a certified solution is trust in the LEAN kernel and
trust in the fidelity of the LEAN library’s formalization of WHIEL
commands and the definition of Hoare validity. To this end, we
provide a file AUDIT.md in the WHIEL repository with a map for
auditing the LEAN formalization.

6 EXPERIMENTS

We evaluate WHIEL on a benchmark of 86 verification tasks that we
curated (Section 6.1) and ask the following questions: (1) RQ1
(Comparison of WHIEL with Baselines): Does our method
WHIEL solve tasks that the same LLM cannot solve by writing
LEAN proofs directly? (2) RQ2 (Effect of Skills and Tools): Do
curated skills and MCP tools help the proposer solve more tasks, or
solve them in fewer rounds, in less time, or at a lower cost? (3) RQ3
(Impact of Stronger Models in the Proposer): When stronger
models are used as a proposer, does WHIEL solve more tasks, and
which tasks need them? (4) RQ4 (Effect of Prophecy Variables):
How tasks requiring prophecy variables compare with those that
do not need them? (5) RQ5 (Certification by WHIEL): What is
the additional overhead for using the optional certifier provided by
WHIEL?

6.1 Benchmark

To our knowledge, no existing benchmark targets the verification
of imperative relational programs against relational specifications.
Therefore, we construct a benchmark of 86 verification tasks. Those
tasks are drawn from classical database problems (e.g., DATALOG
programs [1], query reformulation using views [20], DRed [27]
9Our current system applies some small proof transformations to the generated proofs
in order to improve compilation time and replace invocations of the bv_decide SAT

checker with kernel-checked LRAT replay to avoid dependence on axioms introduced
by native evaluation.

Table 1: The benchmark summary statistics.

(a) Tasks by postcondition type. (b) Structure of the tasks.

Type Tasks Valid Invalid Min Median Max
Equivalence 64 52 12 # While loops 1 2 6
Containment 18 14 4 # Relation symbols 3 9 32
Correctness 2 1 1 # Assignments 4 12 43
Implication 2 2 0 # Invariant clauses® 2 10 33
Total 86 69 17

*Over the reference invariants of the 69 valid tasks.

and the chase [5, 43]), real systems (e.g., PostgreSQL [57], Net-
workX [28] and Soufflé [34]), and LLM-generated programs. Each
task is a Hoare triple {P} C {Q} over a WHIEL program, together
with its ground-truth verdict: valid or invalid. The suite contains
69 valid and 17 invalid tasks and instantiates the problem classes of
Section 3, including recursive query equivalence and containment,
evaluation strategies, incremental view maintenance, and relational
correctness properties. A detailed description of the benchmark
and 86 tasks is available in the full version [59] and the benchmark
is available in the WHIEL git repository [58].

Table 1a groups the tasks by the type of their postcondition. Most
state query equivalence (64 tasks), e.g., the naive and semi-naive
evaluation of a DATALOG program, query rewriting with views, or
query containment (18 tasks). The remaining four state a property of
a single computed relation, such as transitivity (correctness, 2 tasks),
or combine claims through an implication or a disjunction (2 tasks).
Table 1b summarizes the size of the tasks; 41 of the 69 reference
invariants use prophecy relations, 34 of them in equivalence tasks.

Every task is backed by a LEAN certificate: for a valid task, the
verification conditions of a reference invariant are proved in LEAN;
for an invalid task, the LEAN kernel replays a counterexample. In
our experiments, the proposer never sees the reference answers; we
use them only as ground truth, to confirm the verdicts that WHIEL
returns and to characterize the difficulty of the tasks.

6.2 Experimental Setup

Experiments ran on a Linux server with an AMD EPYC 7R13 pro-
cessor (48 cores, 2.6 GHz) and 256 GB RAM. WHIEL uses LEAN 4
and VamPIre!?. The proposer is an OpenAl Codex CLI agent [49]
that calls remote model APIs from a sandbox hiding benchmark
solutions and earlier results. Four tasks run in parallel, each with at
most 12 single-threaded solver processes (8 VAMPIRE and 4 LEAN).
Methods. We evaluate WHIEL, whose search is with AGenTHOU-
DINI (Section 5.2): an LLM agent proposes and the verifier checks. In
the default configuration, which we call simply WHIEL throughout
this section, the agent can only submit invariant clauses or a coun-
terexample and receive the verifier’s feedback. We also built two ex-
tensions of this interface with MCP tools and skills, designed to help
the agent exploit the verifier’s feedback and domain knowledge (de-
tails in the full version [59]). Each extension can be enabled indepen-
dently, which gives four configurations: WaIEL, WHIEL+SKkills,
WHIEL+Tools and WHIEL+Tools+Skills. (1) Tools are six read-
only tools (Section 5.2) that the verifier exposes to the agent through
the Model Context Protocol (MCP) [2]. (2) Skills are six curated tu-
torials on constructing and repairing invariants, which the agent

10The WHIEL git repository [58] specifies the exact builds of both tools.



Table 2: Comparison of WHIEL with baselines (using GPT-
5.5). Time, rounds, and cost are averaged over all 86 tasks.

# Solved (%) Per-task averages
Method Valid (69) Invalid (17) Total (86) Time (s) Rounds Cost ($)
WHIEL 57(83%)  16(94%) 73(85%) 189 295 049
WHIEL-
32(46%)  14(82%) 46 (53%) 58 1 014
ONEROUND
DiRecTLEAN  4(6%)  16(94%) 20(23%) 398 - 208

reads on demand. Each is a written procedure: when it applies,
what to inspect in the task, how to construct candidate clauses, and
how to read the next failure. For example, Ladder strategy explains
how to build a leveled invariant bottom-up, from facts that hold
at every iteration to clauses that need facts about the exit state. In
the configurations that provide them the prompt lists the available
tools and skills with one-line descriptions, and the agent decides
whether to use them.

Baselines. To our knowledge, no existing tool automatically veri-
fies imperative relational programs with while loops, so we compare
WHIEL against two baselines that use the same LLM (i.e., GPT-5.5).
(i) DIRECTLEAN: an LLM agent receives the task as a LEAN Hoare-
validity statement with the semantics, proof lemmas and proof
interface, and may read the library sources, compile LEAN code and
revise its proof in an isolated sandbox, without access to AGEN-
THouDINI, the WHIEL verifier or the reference answers. It submits a
verdict with a complete LEAN proof of the statement or of its nega-
tion, which counts only if the LEaN kernel checks it in full'l. (ii)
WHIEL-ONEROUND: only the first round of each WHIEL run, one pro-
posal followed by invariant or counterexample checking, without
verifier feedback.

LLMs and budgets. Unless stated otherwise, the agent uses GPT-
5.5 [50], to show the effectiveness of WHIEL with an LLM at mod-
erate cost. In the model-scaling experiment (Section 6.5), the tasks
that GPT-5.5 leaves unsolved are passed to stronger models, GPT-
5.6 Sol [51] and then GPT-6 Astra [52]; each model attempts only
the tasks left unsolved by the previous one, from scratch, so the
coverage we report is cumulative. We set the reasoning effort to
medium for all models. Each attempt has a 600 s search budget for
the proposer’s turns and all verifier checks and ends when the veri-
fier accepts an answer (invariant or counterexample) or when the
budget runs out; DIRECTLEAN runs without a time limit.

Metrics. We report four metrics. (i) Solved tasks: the number and
fraction of the 86 tasks that a method solves. WHIEL solves a task
when its verifier accepts the answer (an invariant for validity or
a counterexample for invalidity); DIRECTLEAN solves a task when
LEAN accepts its proof. (ii) Search time: the elapsed time per task,
which covers the agent’s turns and all checks but not certification.
(iii) Rounds: the number of rounds per task, where a round is one
submission from the proposer and its verification.

6.3 RQ1: Comparison of WHIEL with Baselines

WHIEL outperforms both baselines in effectiveness. As Table 2
shows, DIRECTLEAN solves 20 tasks (23%) even without a time
limit. WHIEL solves 73 tasks (85%) in less than half the time (189 s

! That is, with no unproved placeholders (sorry) or extra axioms.

vs. 398 s) and at about a quarter of the cost ($0.49 vs. $2.08), and
each of its verdicts rests on verification conditions proved by Vam-
PIRE or on a counterexample validated by the LEAN-implemented
interpreter. DIRECTLEAN names the correct verdict for all 86 tasks.
What it fails to produce is evidence for valid claims: it solves only 4
of the 69 valid tasks. Of its 66 unsolved tasks, 45 do not compile, 19
compile but fail the axiom audit, and 2 submit no proof.12

WHIEL-ONEROUND shows that even with one round, our frame-
work does better than DIRECTLEAN. The model submits a single
proposal, taking 15% of the time of DIRECTLEAN (58 s vs. 398 s) and
7% of its cost ($0.14 vs. $2.08), and it only has to propose candidate
clauses or a concrete counterexample: LEVELEDHOUDINTI keeps the
inductive clauses, VAMPIRE discharges the verification conditions,
and the LEAN-implemented interpreter validates counterexamples.
This division of labor raises the solve rate from 23% to 53%. Iterating
with verifier feedback adds 27 solved tasks, taking 3.1 rounds on
average. In WHIEL with iterations and feedback, although the time
increases, the success rate significantly increases even when skills
and tools are not used.

6.4 RQ2: Effect of Skills and Tools

To evaluate the effect of the two extensions of WHIEL with tools
and/or skills, we compare four configurations using GPT-5.5. As Fig-
ure 3 shows, WHIEL+SKills solves the most tasks over the full run, 77
of the 86 (90%), while WHIEL, WHIEL+Tools and WHIEL+Tools+Skills
have similar performance within the same search time, with 73 (85%),
74 (86%) and 73 (85%) solved tasks. Of all tasks, 69 (80%) are solved
by all four configurations and 7 (8%) by none of them. Figure 4
shows that the four configurations behave alike on the tasks they
solve: 1.5-1.8 rounds, 105-137 s and 44-89 clause checks per task.
Despite similar overall coverage, the configurations differ in how
quickly they find answers. WHIEL+SKills solves 54 tasks in the first
round, compared with 46—48 for the other configurations, and 66
by the second round, compared with 60 for WaIEL+Tools and 53
for WHIEL.

As Figure 4 shows, compared with WHIEL, all extensions reduce
the avg. number of rounds and avg. clause checks. Compared to
WaiIeL+Tools, WaIEL+SKkills is more effective as it reduces both
avg. search time and avg. cost over WHIEL, while WHIEL+Tools
increases them. In WHIEL+SKkills, the model picks the skills that fit
the task: it reads delta coupling in 75% of its model requests on tasks
with semi-naive evaluation and never on other tasks, and three of
the five tasks that it solves and WHIEL does not are among them.

WHiEL+Tools+Skills does not perform better than WHiEL+Skills
and increases avg. cost from $0.46 to $0.80. It lowers the solved
tasks from 77 to 73 and increases the avg. rounds from 2.09 to 2.35.
We see two likely reasons. First, these extensions overlap: both steer
the model toward the missing clauses, skills by describing invariant
patterns up front and tools by exposing concrete countermodels, so
the second adds little guidance to the first. Second, their overheads
add up. With both, the model makes 7.7 tool and skill calls per
model request instead of 3.5 and processes 175k tokens per request
instead of 79k; its largest context per request averages 34.5k tokens
120f the 19, five leave sorry placeholders, six declare the goal as a new axiom, five

prove only the tautology goal V —goal, and three omit the answer theorem. sorry is
a LEAN placeholder that closes any proof goal without proving it.
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figurations; the tasks left unsolved by one model are passed
to the next: GPT-5.5, then GPT-5.6 Sol, then GPT-6 Astra.

instead of 21.2k as tool replies accumulate. Each round then takes
84 s instead of 76 s. The longer context may also dilute useful hints.

6.5 ROQ3: Impact of Stronger Models in Proposer

As shown in Figure 5, we run every task that GPT-5.5 model leaves
unsolved, first with GPT-5.6 Sol, then with GPT-6 Astra. The cover-
age, i.e., the number of solves tasks, increases from 73 to 81 (GPT-5.6
Sol), and to 85 of the 86 tasks for WHIEL, and the other three config-
urations also reach 85 with Astra. The tasks that need a stronger
model are the same at the hard end in every configuration: four
tasks resist GPT-5.5 and Sol everywhere, and Astra solves three
of them, namely red/blue alternating paths (linear vs. nonlinear),
DRed deletion vs. recomputation, and Soufflé’s topological ordering
(naive vs. semi-naive). The last one is invalid: GPT-5.5 and Sol run

out of time, whereas Astra submits a counterexample in its first
model request in all four configurations.

6.6 RQ4: Effect of Prophecy Variables

One obvious source of difficulty in the tasks is whether a prophecy
variable is necessary (Section 4.2); the success rates for different
models are shown below:

GPT 5.5 | GPT 5.6 | GPT 6 | Unsolved
Prophecy (total 41) 30(73%) | 7(17%) | 3(7%) 1(3%)
No prophecy (total 28) | 27 (96%) 1(4%) - -

As expected, if prophecy variables are not needed, the success
rate is high even for GPT 5.5 and the overall success rate is 100%.
For some tasks requiring prophecy variables, a clause over terminal
values cannot be read off either program: the proposer has to guess
which facts about the terminal state hold. The hardest tasks nest
such facts. Both tasks whose every known invariant has clauses
at level 2 (Section 4.3) need a stronger model. e.g., GPT 5.6 Sol
solves Red/blue closure vs. DATALOG path views, and no model solves
Warshall sweep vs. PostgreSQL recursive union (program details in
[59]) within the budget, although GPT 6 Astra proposes its nested
facts in its first round. There, VAMPIRE seems to be the bottleneck:
even given the reference invariant, the verifier needs 333 s of the
600 s budget to prove it. We defer analysis based on other properties
of the programs and tasks to the full version.

6.7 RQ5: Certification by WHIEL

Running the certifier is an optional process in WHIEL, depending on
the need of the application. After all search experiments were com-
plete, we ran the certifier on the 340 verifier-accepted answers from
all four configurations utilized during search (85 per configuration).
We utilized a 300 s overall time limit, a 300 s internal VAMPIRE call
allowance, and memory limits of 10 GB per process. Each certifi-
cation attempt used 12 physical cores and 12 solver workers, with
two attempts running concurrently on disjoint cores. This certified
293/340 answers (86.2%): 225/272 validity answers and all 68 inva-
lidity answers. Among successful attempts, the certification time
had mean 72.2 s, median 53.1 s, and maximum 295.8 s; sampled max
single-process memory usage had mean 2.753 GB, median 2.540 GB,
and maximum 7.591 GB. The remaining attempts resulted in 41
timeouts and six memory-limit failures. These resource failures of
the certifier reflect known difficulties for LEAN with elaborating and
type-checking large VAMPLEAN-generated proofs [9]; improving
resource usage here is a target for future work.

7 CONCLUSION AND FUTURE WORK

We have presented the WHIEL system, which combines LLM-guided
invariant and counterexample synthesis with a symbolic verifica-
tion pipeline employing a novel LEVELEDHOUDINTI algorithm and an
independent certification procedure. Our experiments demonstrate
the value of this neurosymbolic architecture on a curated bench-
mark of examples motivated by hard database problems. Future
work includes developing a more comprehensive relational pro-
gramming benchmark, refining the agent-based synthesis pipeline,
and reducing the time and memory requirements of the certifier.
We also plan to study extensions of the language with fresh-value
creation, arithmetic, aggregation, and semiring-annotated data.
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